The article introduced some expressions for self-and mutual slot leakage inductance of phase windings for the mathematical model of an induction machine in the natural phase coordinate system and for dq0 model and in an arbitrary coordinate frame. Calculation of self-and mutual slot leakage inductance have been performed for threephase double-layer, delta and delta-modified winding connections. Introduced expressions may be useful in the design of windings and in the analysis of dynamic states of AC electrical machines.
Introduction
The analysis of dynamic states of induction machines can be carried out in the natural three-phase system [6, 7] or in the common arbitrary reference frame. The matrix of mutual inductances between the stator and rotor windings L sr in the natural coordinate frame depends on electric angle ϑ between a axes of the stator and rotor windings. Introduction of a common arbitrary reference frame for the stator and rotor makes that the mutual inductance matrix L sr has its coefficients which are angle-independent on the rotor rotation. In the classical theory of electrical machines we may discriminate inductance of the stator and rotor windings, associated with the main magnetic flux and the inductance associated with leakage flux. The issue of determining the self-and mutual inductances associated with the main flux has been widely discussed in the literature [1, 3, 4, 7] . The inductance is determined under the knowledge of the spatial distribution of the stator magnetic flux and its ampere-turns [1, 6, 7, 9, 11] . However, much of the problem gives rise to the determination of the leakage inductance of windings. In the monoharmonic model of three-phase induction machine the leakage flux of each winding consists of slot leakage flux, air-gap leakage flux, end winding and skew leakage flux. The largest participation in the total leakage flux has the component associated with the slot leakage one. So far, to calculate the slot leakage inductance are generally used the complex values [5, 11] . This way the slot leakage inductance is determined for steady state of an induction machine. The use of complex values does not allow to determinate of self-and mutual inductances of slot leakage. The book [7] introduced dependencies the self-and mutual inductances of slot leakage flux for the double-layer winding, using instantaneous values of stator's currents. This book presents how to determine the self-and mutual inductances of the slot leakage flux for the mathematical model in natural three-phase system and for dq0 model in an arbitrary reference frame. Calculations have been performed for three-phase doublelayer, delta and delta-modified windings. In such windings, the common slot has two sides of different coils, and in some slots, the sides may belong to different phases. This produces mutual slot leakage inductance for the single-layer winding which equal to zero.
A mathematical model of three-phase induction machine for the natural phase system
Arrangement of the stator and rotor windings in symmetrical three-phase induction machine with one pair of poles is shown in Figure 1 . Three-phase induction machine is considered as a system of magnetically coupled stator-and rotor windings. The fixed magnetic axes a s , b s , c s for the stator and the rotating magnetic axes a r , b r , c r of the rotor are moving each to other with angular electric velocity ω. The stator windings are identical and symmetrical distributed, by 120 electrical degrees. Similarly, three-phase rotor winding consists of three identical distributed windings, displaced in space by 120 electrical degrees [6, 7] . 
Matrices of stator and rotor resistances are diagonal 
where: R s , R r -resistance of one phase winding of stator and rotor
Stator Ψ s and rotor Ψ r linked fluxes can be expressed by the inductance matrices by the following equations
where: L s , L r -stator and rotor self inductance matrix, L sr -matrix of mutual inductances between stator and rotor windings, L rs = L sr T , ϑ -electrical angle between the rotor and stator (Fig. 1 ).
In the above equations, the index s refers to variables and parameters of stator circuits and index r to variables and parameters of the rotor's circuit. Matrices of self inductance of stator and rotor consist of a matrix of self inductance associated with the main flux and the matrix associated with the leakage inductance associated with leakage flux
where: L ms , L mr -matrixes of self inductances of stator and rotor, connected with the main flux in air gap, L σs , L σr -matrixes of leakage inductances of stator and rotor. Matrices of leakage inductance of stator and rotor of (3 H3) dimensions are symmetric matrices and contain their self inductance leakage flux and the mutual inductance leakage flux 
where: L σse , L σre -leakage flux self inductance of one phase of stator and rotor's winding, L σms , L σmr -mutual inductance of leakage flux between the stator windings or rotor windings.
In the single-layer and full-pitch double-layer windings the stator and rotor mutual leakage inductances are equal to zero. Self inductance matrices of stator and rotor connected with the main flux of (3H 3) dimensions are symmetric matrices with constant coefficients
where: L ms , L mr -magnetizing inductance of the stator and rotor windings connected with the main flux. Magnetizing inductance of stator L ms and rotor L mr are defined by expressions [6, 9] (9) where: μ 0 -magnetic permeability of vacuum, r -average radius of air gap, δ e -effective thickness of air gap, l e -effective length of the stator's core, N s , N r -number of series connected turns in windings stator and rotor's phase, k ws , k wr -coefficients of stator and rotor's windings, n sr -turn ratio, whereby wr r
The matrix of mutual inductance between the stator and rotor windings L sr is a matrix with coefficients depending on electrical angle of rotor rotation ϑ 
L msr maximum mutual inductance between the stator and rotor windings is determined by relation [6, 9] 
Taking into consideration the time derivatives of the inductances
the matrix Equations (13) can be written as 
where: J -moment of inertia, T e -electromagnetic torque, T h -load torque. Electromagnetic torque of an induction motor in natural three-phase reference frame is calculated from dependencies [6, 8, 9] 
3. A mathematical model of three-phase induction motor in the arbitrary reference frame
In order to simplify the analysis it is convenient to take the rotor variables (voltages, currents and fluxes) for stator side according to turns ratio . , , 
Combining the expressions (18), (9) and (10) with rotor resistance matrix ' r R and its inductances 
In order to obtain equations with constant coefficients it is needed to carry out the transformation of the stator and rotor variables to a common arbitrary reference frame d, q, 0 which is rotating with any angular velocity ω k
The transformation matrix C of stator phases a, b, c to the arbitrary reference frame of d, q, 0 and the inverse matrix C -1 are determined by 
In the above-mentioned matrices, ϑ k angle is an electric angle between stator magnetic axis a and the axis d of common arbitrary reference frame. However, ϑ angle is the angle between the stator axis a and rotor axis a. The time derivatives of the angles ϑ k and ϑ angles (as indicated in Fig. 1 ) give the electrical angular velocity ω k in arbitrary reference frame and electrical angular speed of rotor ω
The flux-voltage Equations (19) and (20) 
where:
Diagonal matrix of leakage inductance contains stator leakage inductance L σs and rotor one L σr as well as stator leakage inductance L σ0s and the rotor L σ0r one
Leakage inductances of stator L σs and rotor L σr are the difference of self leakage inductance of a particular winding and mutual leakage inductances between the phase windings of the stator or rotor. Such inductance is winding leakage inductance of the components d, q of leakage flux. However, the leakage stator inductance L σ 0 s and rotor L σ 0 r is winding leakage inductance for zero leakage flux sequence component. It is the sum of winding self leakage inductance and double mutual leakage inductance of stator or rotor's windings. Taking into account the dependencies (33)-(36) the matrix equations of the stator and rotor voltages (31) and fluxes (32) in the system of coordinates d, q, 0 (in the arbitrary referenceframe) takes the form of 
where
Figure 2 shows the equivalent diagrams corresponding to expressions (38a) and (38b). Electromagnetic torque in the common reference frame dq0 is determined by dependence [1, 6, 7] ) ( 2
(39)
Determination of slot leakage inductance of double-layer winding
In the double-layer winding there are slots which are situated in upper and lower layer the coil sides. One side of the coil is located in the bottom layer of a slot and the second side of the coil is located upper the slot. In the case of double-layer windings we can distinguish the slots, in which the lower and upper layers are with different phases. Figure 3 shows the distribution of coil wires in the slots of stator of the three-phase induction motor of stator with slot number Q s = 18, the number of pole pairs p = 1, the number of slots per pole and phase q s = 3 and short pitch y s = 7/9. Slot leakage inductance is determined by the following simplifying assumptions: C magnetic permeability of ferromagnetic material surrounding the slot is equal to infinity, C distribution of the magnetic field lines along the width of slot is straight.
Slot leakage inductance is determined from the magnetic leakage flux energy stored in all slots. If the magnetic field strength changes along slot height, then magnetic field strength, according to the designations in Figure 4 , is calculated from the following dependencies
Magnetic energy of an individual slot is the sum of magnetic energies of slot part (Fig. 4) . 
The total magnetic energy of a single slot, filled only with phase winding a is equal to Therefore, the total magnetic energy associated with slots where the coil currents concern the same phases (Fig. 1) ) ( The wires inside slots have the coil sides oppositely directed and the coil sides of particular phase occupy only the lower layer. The wire number is to Q s (1 -y s ) . Thus, the magnetic energy of slots with different phase sides is equal to The resultant slot leakage self inductance L Qσ and mutual inductance L Qmσ can be calculated from the energy balance of the magnetic field leakage in all Q s stator's slots. This energy can be represented as [7] { } 
The comparison of dependencies (52) The values of the factors for self inductances k Q1 and k Q2 and mutual inductances k m1 and k m2 of slot leakage for double-layer winding are given in Figure 5 . Figure 6 shows the values of factors k 1 and k 2 for the dq components, and coefficients k 01 and k 02 for zero sequence component. 
Determination of slot leakage inductance for delta winding
Location of delta winding in each stator slot are presented in Figure 7 . The winding is characterized by delta distribution of the linear density of the current [2] . A sketch of a slot with coil sides for delta connecting of the winding with main dimensions to calculate the slot leakage inductance is shown in Figure 8 .
The magnetic field strength for particular slot parts for k-of slot, wherein k = 1, 2, ...., q s -1, according to the designations in Figure 8 , (66) where: h c -the height of the slot occupied by coil sides in the slot. Magnetic energy for slot 4q-k is calculated in the same way as for k slot exchanging current i a with current i b The total energy of slots with the currents i a and i b is determined by the following dependence ) and expression (70) we obtain the final form for the total energy 
Similar dependencies for magnetic energy are given for slots which contain pairs of phase currents 
. The total magnetic energy of slots with the currents of different phases with pair of poles is equal to (53) and (78), and taking into account the expressions (37), we can calculate the self-and mutual slot leakage inductance for delta winding inductances for the slot leakage of double-layer winding are given in Figure 9 . Figure 10 shows the values of the factors k 1 and k 2 for components dq and coefficients k 01 and k 01 for zero sequence component. 
Determination of delta-modified slot leakage inductance
Spatial distribution of linear density of current for delta winding connection is closer to the sinusoidal shape than that obtained for the double-layer winding. Delta winding does not allow to eliminate any harmonic belt spatial frequency components in the magnetic field distribution. For example, the fifth and seventh harmonic components in magnetic field. Deltamodified winding, whose we designed has been patented in [10] . It is characterized by scant higher harmonic spatial content and allows for a significant reduction in the fifth and seventh harmonics as the most significant. The spatial distribution is similar to the sinusoidal one. It is obtained for that winding by reducing the number of wires in the coils of delta winding, which have the maximum number. It concern the coils which are placed in slots 3, 6, 9, 12, 15, 18 in Figure 7 . Distribution of delta-modified winding group can be written as where: N c -maximum number of windings in a slot, q s -number of slots on the pole and phase.
The coefficient h in the formula (85) comprises a range of 0 < h < 1, wherein for winding in delta connection we had h = 1. By a suitable selection of coefficient h we may obtain distribution of the magnetic field close to a sinusoidal distribution. Rules for the selection of coefficient h are given in the patent description [10] . Magnetic energy of slots, where there are only windings with the same phase (the slots of particular phase per one pair of poles) placed in two layers, with the number of windings hN c in a slot is equal to 
Taking into account the dependencies (75) and (86), the total magnetic energy of all slots for delta-modified winding is determined by the following expressions Where coefficients k Q1 , k Q2 and k Q3 are described by expressions Where coefficients k 1 , k 2 and k 01 , k 02 are described by . The procedure for calculating of slot leakage inductance can be simplified under omitting small interlayer insulation thickness h i between the two sides of the windings in each a slot. As a result of such simplification, the slot leakage inductance can be calculated in the same way as for a single-layer winding, but one should use the two factors taking into account the phase currents reallocation on both sides of the winding in a slot. The coefficient k 1 to the slot part occupied by the winding and the coefficient k 2 to the top of a slot without winding should be taken into account. The slot leakage inductance is then determined from the following expressions ( ) Magnetic conductivity coefficients λ Qa and λ Qb in the formulas above refer to the singlelayer winding of any shape, where in the coefficient λ Qa refers to the slot part comprising the winding and coefficient λ Qb refers to the top of the slot without winding. The coefficients k Q1 , k Q2 , k m1 , k m2 , k 1 , k 2 , k 01 , k 02 calculated for rectangular slot can also be used to calculate the slot leakage inductance of other shapes [4, 11] , committing only a small error. Dependencies on magnetic conductivity coefficients of single-layer windings of any shape, appearing in formulas (94) and (95), can be found in the works [3, 4, 5, 11] . Table 1 shows the values of the coefficients k 1 and k 2 for different types of windings, for q s = 3. 
Conclusions
In this paper, the inductances of the windings for induction motor have been calculated. The dependence of the magnetic field energy on the arrangement of the motor coils is overwritten. For the three-phase current values, the author derived the formulas for the slot leakage inductance of double-layer, delta and delta-modified windings. The method presented in the paper allows to calculate self-and mutual slot leakage inductance of an induction machine in a natural system of coordinate and slot leakage inductance for components dq and zero component. Presented dependencies and graphs show that the placement of the coil in the slot which are belong to different phases causes a reduction in slot leakage inductance in comparison to a single layer winding. Comparing coefficients shown in Table 1 , we can state that the greatest reduction in inductance is observed for delta-modified winding, then delta and the smallest one is for the double-layer winding. Developed analytical dependencies may be useful in the design of windings and in the analysis of dynamic states of the AC electric machines.
